Elliptic curves for the 7-brane configurations realizing the affine Lie algebras E n (1 ≤ n ≤ 8) and E n (n = 0, 1) are systematically derived from the cubic equation for a rational elliptic surface. It is then shown that the E n 7-branes describe the discriminant locus of the elliptic curves for five-dimensional (5D) N = 1 E n theories compactified on a circle. This is in accordance with a recent construction of 5D N = 1 E n theories on the IIB 5-brane web with 7-branes, and indicates the validity of the D3 probe picture for 5D E n theories on R 4 × S 1 . Using the E n curves we also study the compactification of 5D E n theories to four dimensions.
Introduction
In a series of papers [1] - [9] the 7-brane technology has been developed systematically in connection with the F-theory compactification on an elliptic K3 surface. It is particularly interesting that there exist the 7-brane configurations on which infinite symmetries of the affine Lie algebras E N are realized [7, 9] .
An interesting application of the 7-brane technology has been found recently by Hanany et al. in constructing five-dimensional (5D) N = 1 theories on the brane web [10] . In 5D, Seiberg discovered non-trivial interacting N = 1 superconformal theories with global E N symmetries [11] . It is quite difficult to obtain such E N theories in a conventional M-theory description of the brane web. In [10] , however, it is shown that introducing 7-branes in the (p, q) 5-brane web makes it possible to construct 5D N = 1 theories with E N symmetries on the web. In this approach the affine property of the 7-branes plays a crucial role.
5D N = 1 E N theories are known to arise upon compactifying M-theory on a CalabiYau threefold with a shrinking del Pezzo four-cycle [12, 13] . Minahan et al. obtained the elliptic curves for the Coulomb branch of 5D E N theories compactified on a circle [14] .
Their construction of the curves is motivated by considering the local model of a singular Calabi-Yau threefold where a del Pezzo surface shrinks to zero size [15] .
Since the 7-brane configurations are described in terms of elliptic curves [16] we expect that the curves for 5D E N theories may be derived from the 7-branes if their affine property is properly taken into account. We will find that this is indeed the case.
In this paper, after briefly reviewing the 7-branes with exceptional symmetries in section 2, we construct elliptic curves to describe the 7-branes realizing the affine algebras E N (1 ≤ N ≤ 8) and E N (N = 0, 1) in section 3. We then show in section 4 that our curves coincide with those obtained in [14] for 5D E N theories. We also discuss the compactification of 5D E N theories down to four dimensions by reducing the curves for 5D theories to the known Seiberg-Witten curves for four-dimensional (4D) N = 2 theories.
Affine 7-branes
The configurations of IIB 7-branes are described in terms of an elliptic curve
where f and g are certain polynomials in z, and z is a complex coordinate of P 1 which is the space transverse to the 7-branes [16] . The zeroes of the discriminant
determine the transverse positions of the 7-branes. The SL(2, Z) invariant is defined by
When f is of degree ≤ 4k and g is of degree ≤ 6k, the cubic (2.1) defines a rational elliptic surface for k = 1 and an elliptic K3 surface for k = 2. Let I p,q denote a type I 1 fiber specified by a vanishing cycle pα + qβ where p, q are mutually prime integers and α, β are homology cycles of a fiber torus. A fiber of type I 1 has the A 0 singularity and its monodromy is given by SL(2, Z) conjugate to
Thus there exists generically a fiber I p,q at the transverse position of a 7-brane. Following [8, 9] we will label such a 7-brane as X [p,q] .
Type IIB (p, q) strings can end on a 7-brane X [p,q] . Since (p, q) strings are obtained from the fundamental (1, 0) strings by the SL(2, Z) transformation the monodromy matrix
Given a 7-brane configuration X 1 · · · X n−1 X n we have the total monodromy matrix K =
It is shown in [8] that when |TrK| ≤ 2 the 7-branes can collapse to a point. Classification of collapsible brane configurations is nothing but the celebrated Kodaira classification of singular fibers [17] . Denoting X [1, 0] 
we list the correspondence between the Kodaira and brane classifications in Table 1 . † Following the convention of [8, 9] the monodromy matrix K [p,q] is the inverse of the usual monodromy matrix.
fiber singularity 7-branes brane type type type
with the N points blown up Table 2 : 7-branes and del Pezzo surfaces E 0 . E N with N ≥ 9 do not realize the finite Lie algebra.
The series (2.6) are very interesting since they admit the affine extension [7, 9] . The affine configurations are constructed by adding a 7-brane X [3, 1] to (2.6)
where E N and E N are equivalent for N ≥ 2 as in the finite case. Note also the equivalence relation
There now exists a BPS loop junction which goes around the 7-branes. This junction is identified with the imaginary root so that the root system associated to (2.7) turns out to be the affine root system. Thus the 7-branes (2.7) realize infinite dimensional symmetries of the affine algebras E N and E N . Note that the monodromy matrices for E N and E N are identical
We refer to [8, 9] for further extensive explanation of 7-brane configurations.
Elliptic curves for affine 7-branes
Let us concentrate on E N with N ≤ 9, E 1 and E 0 . These exceptional series of 7-branes have an intimate relation with the del Pezzo surface [10] . The correspondence is summarized in Table 2 . It is not difficult to figure out how a basis for the two-cycles in the del Pezzo is translated into a basis of the junction lattice on the corresponding 7-branes. On top of this, the E 9 configuration, which contains 12 7-branes, corresponds to the ninth del Pezzo surface which is an elliptic manifold over P 1 described by (2.1)
The ninth del Pezzo, dubbed also 1 2 K3, has appeared in the literature on the F-theory description of six-dimensional non-critical strings [20] - [25] . This surface is not the blowup of P 2 at generic nine points, but the position of the ninth point is fixed by the other eight points.
Starting with the E 9 curve (2.1) with (3.1) we now wish to construct E N curves for N ≤ 8 in a systematic way. For generic values of a i , b i the 7-branes are located in the finite region on the z-plane. Our basic idea to obtain E N is to remove (9−N) A-branes from E 9
and send them infinitely far away from the rest. If we place the removed 7-branes A 9−N at z = 0, they are described as the A 8−N singularity at z = 0 (see Table 1 ). The appearance of the series of A-type singularities makes the derivation of E N curves systematic. In fact, according to the Tate algorithm, the E 9 curve should obey the condition
where ord z (•) means the vanishing order of • in z. Writing the discriminant as
we see that the condition is satisfied by imposing ∆ i = 0 for 0 ≤ i ≤ 8 − N. Then we set z = 1/u and (x, y) → (u 4 x, u 6 y) to express the curve in such a way that the E N branes are located around u = 0.
First of all, to obtain the E 8 curve requires
from which we take
Here L is regarded as a scale parameter which will play an important role later. Thus the generic E 8 curve reads
Next, the E 7 curve is obtained from ∆ 0 = 0 as well as ∆ 1 = 0. The latter yields
The generic E 7 curve is then written as
Repeating this procedure we see that ∆ j = 0 for 2 ≤ j ≤ 6 vanish if and only if
Thus the generic curves of type E N for N = 6, 5, · · · , 2 are explicitly written down by
An amusing phenomenon occurs when we require ∆ 7 = 0. We find ∆ 7 in the factorized form, and hence ∆ 7 = 0 yields either
Two curves obtained from (3.10) and (3.11) are identified with the generic E 1 and E 1 curves, respectively. Branching of the sequence at rank one nicely corresponds to the properties of E N and E N branes at N = 1.
Inspecting the discriminant, it is observed that the E 1 curve admits the further degeneration, i.e. the A 8 singularity at u = ∞. We find that putting
in the E 1 curve gives the E 0 curve.
We note here that the curves obtained so far admit the GL(2, C) transformation
(3.13)
By virtue of this, let us see that the expressions of the curves for E 1 , E 1 , E 0 are greatly simplified. In the E 1 curve, in view of the transformation (3.13) we put
We next apply (3.13) with c = (
, 0, 0,
) and shift x. The E 1 curve is then expressed as
In the E 1 curve, we put
In the E 0 curve, we put
We next apply (3.13) with c = ( √ 3L, 0, 0, √ 3) and shift x. The curve now reads
with the discriminant ∆ = 6912(u 3 + 1). Three zeroes of ∆ at u = e iπ(2j+1)/3 with j = 0, 1, 2 are the positions of three 7-branes of E 0 . Evaluating the monodromy
. This is in agreement with To summarize, our derivation of the E N as well as E N curves is depicted in the diagram
Here the upper sequence stands for the coalescence flow of the A-type singularities (i.e. 
Massless curves
In order to see more explicitly the correspondence between the E N curves and the E N branes we now study the degeneration of the curves. For each E N there is a maximally collapsible sub-configuration of 7-branes [10] . Correspondingly the E N curve has a degeneration which realizes the E N singularity. We describe such degeneration by adjusting the parameters a i , b i . The curves obtained in this way will be referred to as the massless curves. Our results are then as follows:
• Massless E 8 :
In order to have the E 8 singularity at u = 0, we must set a i = 0 (i = 4, 3, 2, 1) and
. Then we obtain the massless E 8 curve
with the discriminant
The form of ∆ indicates that 10 zeroes at u = 0 represent the coalescing E 8 = A 7 BC 2 branes and a zero at u = −b 1 L 6 /4 a 7-brane X [3, 1] . Since E 8 is not collapsible X [3, 1] keeps a finite distance from the collapsible E 8 .
• Massless E 7 :
Setting a i = 0 (i = 4, 3, 2) and b i = 0 (i = 6, 5, 4, 3, 2) we obtain
Thus there exist coalescing E 7 = A 6 BC 2 branes at u = 0 and X [3, 1] at u = 4a 1 L 4 /9.
• Massless E 6 :
Setting a i = 0 (i = 4, 3, 2) and b i = 0 (i = 6, 5, 4, 3) we obtain
Thus there exist coalescing E 6 = A 5 BC 2 branes at u = 0 and X [3, 1] at u = 3a 1 L 4 /8.
• Massless E 5 :
1 and b i = 0 (i = 6, 5, 4) we obtain
Thus there exist 7 coalescing 7-branes at u = 0 which realize E 5 = D 5 . This is seen from the equivalence
where X [4, 1] is located at u = a 1 L 4 /3.
• Massless E 4 :
Here we encounter a somewhat different situation from the above. Writing the discriminant of the E 4 curve as
we first require ∆ 0 = 4a 3 4 + 27b 2 6 = 0. This is obeyed by taking
where, in addition to L, another scale parameter T has appeared. We can then set at most ∆ j = 0 for 0 ≤ j ≤ 4 by tuning 32) from which the massless curve is obtained as
The existence of 5 coalescing 7-branes at u = 0 is understood by noting that
Hence we have the A 4 singularity at the origin in agreement with the relation E 4 = A 4 . Two 7-branes X [−2,3] and C stay at a distance from the collapsed B 5 at u = 0, reflecting the fact that both E 4 and E 4 are non-collapsible configurations.
• Massless E 3 :
We proceed in parallel with the E 4 case. The maximal degeneracy of the curve is achieved by taking
The massless curve turns out to be
As in the previous case, the structure of the discriminant is again understood by showing 1] C in accordance with the fact that
• Massless E 2 :
We need to have the A 1 singularity at u = 0. For this the coefficients of u and u 0 in the discriminant should vanish. At first sight it looks quite difficult to find such a solution. If we eliminate a 4 from these two equations, however, the resulting expression takes a remarkable factorized form. As a result we see that a 3 and a 4 should be
Rescaling the variables as 
The symmetry on the brane is expected to be E 2 = A 1 ⊕ u(1). In fact, two zeroes at u = 0 represent two collapsed C-branes in E 2 = ABC 2 X [3, 1] , being described as the A 1 singularity. One can find a junction with zero asymptotic charges and self-intersection −4 which thus generates the u(1) factor although this junction is not associated with coalescing branes.
The E 2 curve has the singular fibers A 1 + 3A 0 + A 6 in total, and is not completely massless in the sense that the u(1) factor is carried by the non-collapsible junction. We note that there are two possible choices of k to make ∆ factorized more:
In each case, however, the singularity type remains unchanged.
• Massless E 1 :
Setting a 1 = 0 and a 4 = −L 4 a 2 2 /48 we obtain
with the discriminant ] we have two coalescing C-branes at u = 0, realizing the A 1 singularity, and hence E 1 = A 1 .
• E 1 and E 0 :
These cases do not admit further degeneration.
4 Five-dimensional E N theories on S There also exists a global U(1) I symmetry generated by the current j = * Tr(F ∧F ) which is conserved in 5D. Hence the massless microscopic theory possesses the global symmetry
Seiberg found that for N f ≤ 8 non-trivial interacting superconformal field theories appear in the limit g 0 → ∞ [11] . At these strongly-coupled fixed points, surprisingly, the global symmetry is enhanced to E N f +1 . Moreover there exist two theories with global E 1 and E 1 symmetry, respectively, for N f = 0. The E 1 theory further flows down to the E 0 theory with no global symmetry. This class of 5D theories with exceptional global symmetry is shown to appear when M-theory is compactified on a Calabi-Yau threefold with a vanishing four-cycle realized by del Pezzo surfaces [12, 13] . The correspondence between global symmetries and del Pezzo surfaces is precisely the one presented in Table   2 .
The brane web construction of various 5D theories has been considered in the literature [26] - [31] though the SU(2) theories with exceptional symmetries were not obtained in the M-theory 5-brane approach. In a recent interesting paper, however, it is found that introducing 7-branes in the (p, q) 5-brane web makes it possible to realize exceptional global symmetries on the web [10] .
As discussed in [32, 33, 24, 27, 14, 28, 29] the Coulomb branch of 5D theories on S 1 is described in terms of complex curves where the dependence on the bare quark masses enters through trigonometric functions. In particular, the curves for the E N theories on S 1 have been derived explicitly in [14] . Their derivation of the curves is motivated by the analysis of the local model of a shrinking del Pezzo four-cycle in a Calabi-Yau manifold [15] .
It turns out that our E N curves to describe the affine 7-brane backgrounds are equivalent to those obtained in [14] where u is a moduli parameter of the Coulomb branch. It is straightforward to compare the curves in the massless limit. First of all, for massless E 8 , applying the transformation (3.13) with c = (
which is rewritten as
by a shift in x.
Similarly, the massless curves for E N (7 ≥ N ≥ 2) are transformed into
Here the transformation (3.13) has been utilized with c = (
, 0, 0, c 4 ) where
for N = 7, 6, 5, 4, respectively, and c = (
) for N = 3. For N = 2 the curve has been obtained from (3.39) by a specialization k = 5, a transformation (3.13) with c = (
) and a shift in x.
The curves (4.2) and (4.3) are in precise agreement with the massless limit of the curves in [14] . For E 1 and E 1 we take the massive curves in the form of (3.15) and (3.17),
respectively. Setting p = e iλ we see that they agree with the corresponding curves in [14] with λ being the U(1) mass parameter. For massive E N ≥2 we have not yet make a detailed comparison, though we are sure that they will certainly agree according to the general singularity theory.
In [14] the E N curves for N ≤ 7 are derived from the massive E 8 curve by decoupling a large mass along with the scaling. The renormalization group flows among the 5D E N theories follow from this analysis. Our derivation of the generic E N curves is simpler since what one had to do is to generate the successive coalescence flows of the A-type singularities at u = ∞. In order to discuss the compactification of non-critical E-strings, however, expressing deformation parameters a i , b i in terms of the Wilson lines is useful.
This is carried out in [14] by investigating the instanton expansion of the prepotential.
We suspect that this can also be performed in a representation theoretic way as was done for the case of finite ADE symmetries on 7-branes [34] . 
Compactification to four dimensions
We now wish to discuss the compactification of 5D E N theories to four dimensions. For this purpose the degree q i (= mass dimension) is assigned to y, x, u in the curves, see Table 3 . Then the scale parameters L and T −1 have mass dimension one. We are thus led to identify L = 1/R 5 where R 5 is the radius of S 1 along which the fifth dimension is curled up. This R 5 -dependence of the u 4 and u 6 terms in the curve (3.6) agrees with the one fixed in [24] . The compactification limit R 5 → 0 can be taken directly in the massless E 8,7,6 curves. We obtain
where we have set a 1 = α/L for E 6 with α being kept fixed when L → ∞. These are in the form of the E n singularities which describe the N = 2 E n fixed points in four dimensions [35, 34] . This indicates that 5D E 8,7,6 theories on critical compactify to 4D critical E 8,7,6 theories without adjusting any relevant parameters. In view of the 7-brane configurations the compactification limit is taken by decoupling the brane X [3, 1] from the E N branes, leaving the E N branes as the background to describe 4D theory.
The situation changes when we consider 5D E N ≤5 theories. Taking the limit R 5 → 0 of the massless curves does not work in finding 4D theories. Recall that E N theories have the N f = N − 1 flavors. Thus, upon compactification, 5D E N ≤5 theories are expected to reduce to 4D N = 2 SU(2) QCD with N f flavors whose Coulomb branch is described in terms of the Seiberg-Witten (SW) curve [36] . To see this explicitly, we decouple C and X [3, 1] -branes simultaneously from the branes
leaving the branes D N f = A N f BC for 4D theory. This implies that one has to take the scaling limit by turning on suitable mass parameters in the theory. In the following we show how to obtain the massless SW curves for 4D theories. For this, we recall that, in the massless case, the relevant singularity structures on the u-plane are given by D 4 for
for N f = 0. These are realized by taking the scaling limit in the massive curves for 5D theories as follows:
This case is rather simple. Setting a i = 0 (i = 1, 3, 4), b i = 0 (i = 4, 5, 6) and letting L → ∞ we obtain
This is the D 4 singularity for the massless N f = 4 theory in 4D. The original N f = 4 SW curve is recovered via a change of variables as shown in [34] .
• E 4 curve:
In the massive curve, let us first take
then we are left with a 1 , a 2 . Note that a 2 is a dimensionless parameter. Inspecting the curve it is observed that the desired limit is obtained if we set
Now, letting L → ∞ yields the curve with the A 3 + A 0 singularity. Here the scale parameter T survives the compactification limit, and hence we identify it with the QCD dynamical scale, T −1 ∝ Λ 3 . If we now put α = 2, β = 6, T = −i √ 3Λ 3 and make a shift in x, the massless N f = 3 SW curve follows
(4.9)
• E 3 curve:
We take a 4 = −3/T 4 , b 6 = 2/T 6 , a 3 = −1/T 2 and set
Letting L → ∞ yields the curve with the A 1 + A 1 singularity. the scale parameter T is again converted into the QCD scale Λ 2 . If we now put α = 2, β = −6, T = 2 √ 3/Λ 2 and make a shift in x as well as in u, the massless N f = 2 SW curve follows
• E 2 curve:
Setting a 3 = a 4 = 0 and
we let L → ∞. The resulting curve exhibits the singularity A 0 + A 0 + A 0 . Putting α = 2, β = i3 √ 3/4 and T = 1/Λ 1 we obtain the massless N f = 1 SW curve
• E 1 curve:
we let L → ∞. The resulting curve exhibits the singularity A 0 + A 0 , Putting now α = 2, T = 1/Λ 0 (β remains arbitrary) yields
This is the SW curve for N = 2 SU(2) pure Yang-Mills theory.
We set a 3 = 0 and (4.14), and then let L → ∞, yielding the curve with the A 0 + A 0 singularity. Putting now α = 2, β = −9/2, T = 1/Λ 0 we get the SW curve (4.15) as in the previous case.
Thus we have seen that there exists the compactifiction limit of 5D N = 1 E N ≤5 theories on S 1 down to 4D N = 2 SU(2) QCD with N f = N − 1 flavors. For N ≤ 4 the compactifiction limit is taken as the scaling limit as prescribed in (4.8). The appearance of the QCD scale Λ N −1 reflects the fact that the E N brane configurations for N ≤ 4 are not collapsible. It will also be possible to derive the massive SU(2) SW curves from the massive E N curves, see ref. [22] for earlier related computations in view of 6D non-critical strings.
Discussions
Starting with a rational elliptic surface for E 9 we have constructed the the elliptic curves corresponding to the affine 7-branes E N (1 ≤ N ≤ 8) and E N (N = 0, 1). The brane picture is quite efficient in working out these curves explicitly. We have then shown that the curves for the affine 7-brane backgrounds describe the Coulomb branch of the 5D E N theories compactified on a circle. The result indicates that the idea of the D3-brane probe is valid for the description of 5D E N theories on R 4 × S 1 ; both a probe D3-brane and background 7-branes extend over the bulk R 4 , and the dependence on S 1 is encoded in the "affinizing" 7-brane X [3, 1] . The BPS states arise from (p, q) strings/junctions stretching between the D3-brane and 7-branes. Thus there will exist BPS states with non-zero magnetic gauge charge q = 0 in 5D theory on R 4 × S 1 . On the other hand, the BPS states of the 5D E N theory in the bulk R 5 are represented as the 5-7 strings with charges (p, q) = (2n e , 0) where n e is the Cartan charge of 5D SU(2) gauge group [10] . The level k of the Kac-Moody algebra realized on the affine exceptional 7-branes (2.8) is related to q through k = −q [7, 9] . Therefore only the finite part of E N is relevant to the enumeration of BPS states in the bulk 5D theory. As just mentioned above, however, the 5D theory on S 1 enables to carry BPS states with q = 0, and hence the affine property may play a manifest role. In fact, interesting affine E N structures have already been revealed in the context of non-critical E-strings [23, 14, 25] . It will be worth pursuing further the idea in the framework of the 7-brane setup.
Mathematically speaking, what we have investigated in this paper is the problem of understanding the moduli of rational elliptic surfaces (2.1), which is a space of polynomials f (z) = among the strata [37, 38] . The brane picture provides a natural description of such degeneration-coalescence structures.
The whole construction presented in this paper may be summarized in the following degeneration-coalescence diagram: In order to analyze the BPS spectrum of 5D E N theories on R 4 × S 1 one turns to the study of the junction lattice on the 7-branes. For this purpose it is desired to have a further understanding of how the junction lattice is described in terms of geometry of rational elliptic surfaces. This amounts to analyzing the sections of the massive E n curves based on the brane picture and its relation to the Mordell-Weil lattice [39] . The analysis will also become interesting from the standpoint of the F-theory/heterotic duality in eight dimensions.
